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Abstract: We compute O(g) NLO corrections to the transverse scattering kernel and
transverse momentum broadening coefficient qˆ of weakly-coupled N = 4 SYM. Based on
this, we also compute NLO correction to the collinear splitting rates. For qˆ we find that the
NLO/LO ratio is similar to the QCD one, with large NLO corrections. This is contrasted by
our findings for the collinear splitting rate, which show a much better convergence in SYM
than in QCD, providing further support to earlier expectations that NLO corrections have
signs and relative magnitudes controlled by the specifics of the theory. We also compare
the ratio of qˆ in QCD and in N = 4 theory to strong coupling expectations.
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1 Introduction
The characterization of the QCDmedium produced in heavy ion collisions, and possibly also
in smaller systems (proton-nucleus and high-multiplicity proton-proton collisions) proceeds
through the complementary study of bulk properties and hard probes. The AdS/CFT
correspondence [1–3] has been widely applied in both cases over the past 20 years (see [4]
for a review), providing great qualitative insight on the strong-coupling regime of QCD,
in particular for quantities such as the specific shear viscosity η/s [5–7], which are not
directly accessible from lattice QCD without arduous analytical continuations (see [8] for
a review).
In its standard form, the AdS/CFT correspondence conjectures a duality between
conformal N = 4 Super-Yang-Mills (SYM) theory in D = 4 spacetime dimensions and
type-IIB string theory in AdS5 × S5. At large values of the ’t Hooft coupling λ and for
large numbers of colors Nc, calculations on the holographic side become accessible 5D
gravity computations; a finite-temperature system in the CFT corresponds to a black hole
in AdS. This has lead to the aforementioned wealth of computations of quantities of interest
for heavy-ion physics at strong coupling. If one wants more than a qualitative insight when
applying strong-coupling, holographic results to the QCDmedium, one needs to understand
a double extrapolation: from N = 4 SYM to QCD, and from λ → ∞ to the regime of
“intermediate” couplings one expects for heavy ion collisions, such as αs ≡ g2/(4pi) ≈ 0.3,
λ ≡ g2Nc ≈ 10.
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To this end, an important step forward would be the understanding of thermal N = 4
SYM at all values of λ. On the large coupling side, for many quantities, such as the pho-
ton rate [9] or the viscosity, the first corrections in the inverse coupling in AdS have been
computed, in [10] and [11–14] respectively. At weak coupling, calculations can be per-
formed directly on the CFT side, using the tools of finite-temperature perturbation theory.
Leading-order (LO) results for the photon rate and the viscosity have been presented in
[9] and [15], in both cases following the path set by previous perturbative QCD (pQCD)
calculations, [16] and [17, 18] respectively. Once N = 4 SYM results in the two regimes are
available, one can try to extrapolate from both sides towards the interesting intermediate
region.
Clearly, this exercise requires the best possible knowledge on both sides. At weak
coupling, calculations of transport coefficients and of dynamical quantities like the photon
rate are notoriously difficult, requiring different sets of resummations already at LO. Over
the past decade, a new understanding of the analytical properties of thermal amplitudes
at light-like separations has emerged [19] (see [20] for a more pedagogic presentation).
Owing to this development, next-to-leading order (NLO) pQCD calculations of the photon
rate [21] and of transport coefficients [22, 23] have recently appeared. Their extension to
N = 4 SYM would thus lead to an “extrapolation game”, as we have sketched before,
with the first corrections in both regimes and thus a first estimate of the uncertainty.
Furthermore, one could compare the QCD and SYM NLO weak-coupling results, to get
a better understanding on how to deal with the different type and number of degrees of
freedom when applying holographic results.
Motivated by this, in this paper we investigate the jet quenching parameter qˆ at NLO
in N = 4 SYM. Also known as the transverse momentum broadening coefficient, qˆ ≡<
p2⊥ > /L describes how much transverse momentum p⊥ is picked up per length L by a
highly energetic parton propagating through a plasma. It is thus extremely important for
the physics of jet quenching (see [24–30]), where it is a parameter in many theoretical
models of medium-modified radiation from the hard partons constituting the jet (see [31]
for a comparison with/extraction from data and [32] for a theoretical comparison of the
models). In this paper, we will study qˆ and the related transverse scattering kernel (or
collision kernel) C(q⊥) at NLO. Both quantities are known in the strong-coupling limit [33–
35], together with part of the first corrections in the inverse coupling [36] (see also [37, 38] for
related strong-coupling calculations for massive probes). In weak-coupling QCD, leading-
and next-to-leading results have been obtained in [39, 40] and [19] respectively. Hence, we
shall be in the position to compare both weak-coupling results in the two different theories
and weak and strong coupling within N = 4 SYM.
Furthermore, qˆ and C(q⊥) are two of the main ingredients in many other perturbative
calculations: the former has been found in [22] to be the main driver of the large NLO
corrections to the transport coefficients, while the latter determines the NLO correction
to collinear radiation, which is an important ingredient both in the kinetic theory used to
determine transport coefficients [41, 42] and in the thermal photon rate. Hence, as a first
application of our NLO results, we also compute the collinear radiation rate, or collinear
splitting rate, at NLO, to study its sensitivity to the different quasiparticle degrees of
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freedom in QCD and SYM.
At the technical level, the calculation of qˆ and C(q⊥) can be separated into soft (gT -
scale) and hard (T -scale) contributions. At leading-order the soft contribution is known
[9, 39], while in the hard region we will determine the contribution from the SYM scalars.
At NLO only the soft scale enters: our calculation requires the evaluation of soft one-loop
corrections to the Wilson loop from which these are defined [35, 43]. The aforementioned
new understanding of the analytical properties of thermal amplitudes leads in this case to
a great simplification, as the problem can be mapped to a much simpler one within the
dimensionally-reduced Euclidean theory. In the case of QCD this is Electrostatic QCD
(EQCD) [44–48], while in the case of SYM this is usually called ESYM [49], whose kinetic
term was written down in [49–51]. We will thus need to analyze in detail the contribution
of the scalars of N = 4 theory to ESYM in general and to our observables in particular
(fermions are not an explicit degree of freedom of the dimensionally-reduced theories).
Finally, we also remark that the transverse scattering kernel of the electroweak (EW)
theory is similarly a very important ingredient in determinations of the collinear radiation
rate within that theory, which is of relevance for applications such as the collinear thermal
production of right-handed neutrinos [52, 53]. Our NLO calculation, with its in-depth
analysis of the scalar contribution, will thus be very helpful in extending the EW calcu-
lation towards NLO, whose necessity has been pointed out in [54] and which requires the
evaluation of the contribution of the Higgs scalar doublet.
The paper is organized as follows: in Sec. 2 we review the theoretical setup and defi-
nitions. Sec. 3 is devoted to the computation of C(q⊥) at NLO in ESYM, while in Sec. 4
we discuss qˆ at NLO and its relation with the strong-coupling and QCD results. In Sec. 5
we apply our results to the collinear splitting rate and we draw our conclusions in Sec. 6.
Technical details are to be found in the Appendices.
2 Theoretical setup
The collision kernel C(q⊥) describing the evolution of the transverse momentum of a very
hard particle with momentum p and energy E ≈ p, with E ≫ T , is defined as
C(q⊥) ≡ lim
p→∞(2pi)
2 dΓscatt(p,p+ q⊥)
d2q⊥
, (2.1)
where q⊥ is the transverse momentum (q⊥ ·p = 0) acquired in the scattering.1 The collision
kernel can be defined in a field-theoretical manner using the Wilson loop in the (x+, x⊥)
plane [35, 43] sketched in Fig. 1. Here we use light-cone coordinates defined as p− ≡ p0−pz,
p+ ≡ p0+pz2 , and p⊥ = (px, py) for convenience. The Wilson loop is then written explicitly
as
〈W (x⊥, L)〉 = 1
dR
〈
Tr U˜(0,x⊥; 0)U(0, L;x⊥)U˜ (x⊥, 0;L)U(L, 0; 0)
〉
, (2.2)
1In our convention the metric is gµν = (−+ ++), P = (p
0,p) is a four-vector, with p the three-vector
with modulus p.
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(0, x⊥)
(0, 0)
(L, x⊥)
(L, 0)
x⊥
x+
Figure 1. Wilson loop W (x⊥, L) leading to C′(x⊥).
where the Wilson lines are defined as2
U(a, b;x⊥) = P exp
(
−ig
∫ a
b
dx+A−(x+, x− = 0, x⊥)
)
,
U˜(a,b;x+) = P exp
(
−ig
∫ 1
0
ds (a− b) ·A⊥(x+, x− = 0, x⊥ = s(a− b))
)
. (2.3)
The trace runs over the color degrees of freedom, with the source taken in representation
R with dR its dimension. In QCD, hard quarks will be described by the fundamental
Wilson loop R = F and hard gluons by the adjoint one, R = A. In N = 4 SYM all d.o.f.s
transform in the adjoint. 〈. . .〉 denotes a thermal average. Finally, the operators should
be intended ordered such that fields on the backward-propagating Wilson line U(0, L;x⊥)
come always to the left of those in the forward-propagating one, as they are associated
with the conjugate amplitude and amplitude respectively or, in the Schwinger-Keldysh
language, the anti-time ordered and time-ordered parts of the contour [35, 43].
C(q⊥) can then be obtained from this Wilson loop in the large L limit as
C′(x⊥) = − lim
L→∞
1
L
ln 〈W (x⊥, L)〉 (2.4)
where C′(x⊥) is the collision kernel in impact-parameter space, i.e.
C′(x⊥) ≡
∫
d2q⊥
(2pi)2
(1− eiq⊥·x⊥) C(q⊥). (2.5)
We use the C′(x⊥) notation as a reminder that C′(x⊥) is not the Fourier transform of
C(q⊥).3
Finally, the transverse momentum broadening coefficient qˆ can be obtained as the
second moment of C(q⊥), i.e.
qˆ ≡
∫ qmax
0
d2q⊥
(2pi)2
q2⊥ C(q⊥) , (2.7)
2This definition is valid both in QCD and in N = 4 SYM.
3 Equally importantly, we remark that C(q⊥) is not the Fourier transform of 〈W (x⊥, L)〉. That quantity
is instead called P (q⊥), the probability for the hard parton to pick up a certain transverse momentum q⊥.
It reads [35, 43]
P (q⊥) ≡
∫
d2x⊥e
−iq⊥·x⊥ 〈W (x⊥, L)〉 . (2.6)
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where qmax is a process-dependent UV regulator that is in general needed at weak coupling.
As we are interested in hard particles of energy/momentum E ≫ T , we shall take qmax ≫ T
as well.4 Finally, the eikonal propagation of the hard parton, which gives rise to the Wilson
loop above, is only valid insofar the transferred momentum q⊥ does not affect the hard
parton’s. Hence, we must also require E ≫ qmax.
At leading order the scattering kernel and qˆ receive contributions from gluon-mediated
elastic scatterings off the medium constituents [19, 40]. This is true in any gauge theory.
Since the Coulomb scattering matrix element squared is proportional to t−2, we expect
a 1/q4⊥ behavior in the scattering kernel. Thus scatterings with q⊥ ∼ T and softer ones
with q⊥ ∼ gT contribute at the same order (up to logarithms) to Eq. (2.7). gT is the
scale at which collective effects such as Debye screening and Landau damping appear in a
weakly-coupled plasma; we call it the soft scale. We will call T the hard scale, with the
understanding that the energy/momentum E ≫ T of the probe is called very hard. It is
convenient to introduce a regulator q∗, with gT ≪ q∗ ≪ T , to separate the soft and hard
contributions, i.e.
qˆ =
∫ q∗
0
d2q⊥
(2pi)2
q2⊥ Csoft(q⊥) +
∫ qmax
q∗
d2q⊥
(2pi)2
q2⊥ Chard(q⊥), (2.8)
In perturbative Thermal Field Theory, soft bosons in equilibrium are highly occupied,
since the Bose–Einstein distribution nB(q
0) = (eq
0/T−1)−1 becomes approximately T/q0 ∼
1/g there. Hence, soft-boson loops are not suppressed by the usual factor of g2, which
characterizes hard (or zero-temperature) loops, but by a single factor of g. Therefore,
NLO corrections to qˆ come from one-loop bosonic diagrams at q⊥ ∼ gT . In QCD these
are only gauge (gluon and ghost) loops, whereas in N = 4 SYM there is also a scalar
contribution. In either case, the analytical properties stemming from light-cone causality
allow these contributions to Csoft(q⊥) (and thereupon qˆ) to be computed within the simpler
dimensionally-reduced theory, as we show in the next section. We will then discuss qˆ and
Chard(q⊥) in Sec. 4. Finally, we remark that, by the same arguments on the Bose–Einstein
distribution, the ultrasoft (or magnetic) scale g2T has no loop suppression factor and is
thus non-perturbative [56]. However, its contribution to qˆ is suppressed by g2 with respect
to the LO [19, 43, 55, 57] and is thus beyond our O(g) accuracy. Knowledge of C(q⊥ ∼ g2T )
is also not needed, as it does not contribute to the collinear radiation rates at LO or NLO.
As remarked in [43, 57, 58], both can be obtained within the Euclidean framework using
non-perturbative methods.
3 The collision kernel at NLO
In principle, a one-loop, soft-loop calculation would require a thorough analytical and
numerical effort in the Hard Thermal Loop (HTL) effective theory [59, 60] (see [61] for the
complete HTL structure of N = 4 SYM). However, as shown by Caron-Huot [19] in the
4Our definition, Eq. (2.7), is slightly different from the one in [35, 43], which involves the second moment
of P (q⊥), defined in Footnote 3. However, as shown in [55], the two different definitions give rise to the
same result.
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context of the NLO calculation of qˆ in QCD, light-cone causality makes correlators such as
Eq. (2.2) dramatically simpler, leading to a Euclidean formulation. Indeed, he has shown
that the soft contribution to many space-like separated correlators can be mapped to a
dimensionally reduced Euclidean theory, which integrates out all the non-zero Matsubara
modes. Based on that, he proceeded to determine the one-loop, soft-loop contribution to
Eq. (2.2) with EQCD.
We can apply the same strategy to N = 4 SYM theory. Electrostatic SYM [49–51] is a
dimensionally-reduced 3D Euclidean theory of N = 4 SYM for the soft (gT ) scale physics.
We now use this effective theory to calculate the O(g) contribution to the collision kernel
and to the transverse momentum broadening coefficient of the weakly coupled N = 4 SYM
plasma. Keeping only the operators that are needed for this calculation, the Lagrangian
of ESYM reads
LESYM = 1
4
F aijF
a
ij +
1
2
(DiA0)
a(DiA0)
a +
1
2
(DiφI)
a(DiφI)
a +
1
2
m2EA
a
0A
a
0 +
1
2
m2Sφ
a
Iφ
a
I
+
1
2
λESf
abcfadeφbIA
c
0φ
d
IA
e
0 + . . . , (3.1)
where F aij = ∂iA
a
j − ∂jAai + gEfabcAbiAcj and (DiΦ)a = ∂iΦa + gEfabcAbiΦc for any SU(Nc)
adjoint bosonic field Φa ∈ {Aai , Aa0, φaI}. I ∈ 1, . . . , nS spans the nS = 6 real scalars of
N = 4 SYM. The interaction term on the second line is new to this work, as the references
in the literature focused on the kinetic terms only. These reflect how, under dimensional
reduction, the spatial components Aai remain gauge fields, while A
a
0 becomes a massive,
electrostatic adjoint scalar field and the scalars φaI become massive as well, with masses
mE and mS respectively. Fermions are fully integrated out during dimensional reduction
and only contribute to the Wilson coefficients, such as these masses. At leading order, the
matching between N = 4 SYM and ESYM yields [49–51]
g2E = g
2T, λES = g
2T, (3.2)
m2E =
CAg
2T 2
3
(
1 +
nS
2
+
nf
2
)
= 2λT 2, m2S =
CAg
2T 2
6
(
1 +
nS
2
+
nf
2
)
= λT 2, (3.3)
where gE is the dimensionful coupling of ESYM, g is the coupling of N = 4 SYM, CA = Nc
the quadratic Casimir of the adjoint representation and λ ≡ g2Nc is the ’t Hooft coupling.
In our conventions nf = 4 counts the number of Weyl fermion species of N = 4 SYM. We
note that the electrostatic mass mE equals at leading order the Debye mass; we shall use
both terms in the following. Our graphical conventions for scalars and gauge fields, as well
as the Feynman rules derived from Eq. (3.1), are illustrated in App. A.
As we explained, the calculation of this Wilson loop is reduced to the calculation using
ESYM. In any non-singular gauge the transverse Wilson lines become irrelevant in the
large-L limit. There, the LO contribution from the soft region comes from the single-
gluon exchange diagrams shown in Fig. 2. We exploit the manifest gauge invariance of
the definition in Eq. (2.2) to compute in Feynman gauge, as shown in App. A and B. A
straightforward evaluation leads then to [9, 39]
C(LO)soft (q⊥) = g2CRT
[
1
q2⊥
− 1
q2⊥ +m
2
E
]
=
g2CRTm
2
E
q2⊥(q
2
⊥ +m
2
E)
, (3.4)
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(a) (b)
Figure 2. Diagrams contributing to Csoft(q⊥) at LO. As shown in detail in App. A, curly lines
are the Ai gauge fields, solid lines are the electrostatic scalars A0. The parallel lines represent the
Wilson line along the x+ direction separated by x⊥.
where the first term in square brackets is the gauge propagator Gzz and the second term
the massive, electrostatic propagator G00. Even though in N = 4 SYM all sources are
adjoint, we prefer for now to keep CR unassigned, so that we can keep the connection to
the QCD calculation more transparent and at the same time keep our results more general,
so that they can be more easily adapted to the electroweak theory as well, with its different
group theory factors.
(a) (b) (c)
(d) (e) (f) (g) (h) (i) (j)
Figure 3. One-loop self-energy diagrams contributing to δC(q⊥). In addition to the conventions
of Fig. 2, dotted lines are ghosts and dashed lines are the scalars φI .
The NLO soft scattering kernel can be written symbolically as
C(NLO)soft (q⊥) ≡ C(LO)soft (q⊥) + δC(q⊥) . (3.5)
The NLO contributions in δC(q⊥) can come from the soft one-loop self-energy insertion
into the LO diagrams and from “multi-gluon exchanges” (e.g. two single-gluon exchanges,
three gluon vertex). In Fig. 3, we draw the one-loop self energy diagrams contributing to
NLO. Diagrams on the first line are one-loop self energy diagrams of the G00 propagator
and those on the second line are for the Gzz propagator. NLO corrections from the scalar
field φaI can only contribute to these self-energy diagrams. The “multi-gluon-exchange”
diagrams, such as those drawn in Fig. 4, have no NLO corrections from the scalar fields
and are thus equivalent to the QCD case calculated in [19].
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(a) (b) (c)
Figure 4. Some “multi-gluon-exchange” diagrams contributing to NLO.
Hence, diagrams (c), (i) and (j) in Fig. 3 are what we need to compute directly within
ESYM. We refer to App. B for the detailed evaluation, whose final result reads
δCscalar(q⊥)
g4T 2CRCA
= − 3mS
2pi(q2⊥ +m
2
E)
2
+ 6
mS − q
2
⊥
+4m2S
2q⊥
tan−1(q⊥/2mS)
8piq4⊥
, (3.6)
where the first term comes from diagram (c) and the second from (i) and (j). This can be
added to the QCD contribution in [19] to give
δC(q⊥)
g4T 2CRCA
=
7
32q3⊥
+
mE
4pi(q2⊥ +m
2
E)
( 3
q2⊥ + 4m
2
E
− 2
q2⊥ +m
2
E
− 1
q2⊥
)
+
−mE − 2 q
2
⊥
−m2E
q⊥
tan−1( q⊥mE )
4pi(q2⊥ +m
2
E)
2
+
mE − q
2
⊥
+4m2E
2q⊥
tan−1( q⊥2mE )
8piq4⊥
− tan
−1( q⊥mE )
2piq⊥(q2⊥ +m
2
E)
+
tan−1( q⊥2mE )
2piq3⊥
− 3mS
2pi(q2⊥ +m
2
E)
2
+ 6
mS − q
2
⊥
+4m2S
2q⊥
tan−1( q⊥2mS )
8piq4⊥
. (3.7)
This expression is well suited for the evaluation of qˆ in Eqs. (2.7) and (2.8). However, the
NLO collinear radiation rate we shall present in Sec. 5 is most easily evaluated from the
impact-parameter space expression, Eq. (2.5). To perform the needed Fourier transform,
we follow the same strategy used in [21], that is to choose x⊥ = (x⊥, 0), perform the
integration for qy first and then for qx, using contour techniques. When the latter cannot be
done analytically, it has in any case become an integration with a (real) exponential kernel
rather than an oscillatory one, thus better suited for numerical integration. Schematically,
one has
C′(x⊥) ≡
∫
d2q⊥
(2pi)2
(1− eiq⊥·x⊥) C(q⊥) =
∫ ∞
−∞
dqx
2pi
(1− eix⊥qx)
∫ ∞
−∞
dqy
2pi
C(q⊥) . (3.8)
At LO this becomes straightforwardly
C′(LO)(x⊥) = g
2CRT
2pi
(K0(x⊥mE) + γE + ln(x⊥mE/2)) , (3.9)
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where this is intended to be the soft contribution, i.e. valid at distances x⊥ ∼ 1/(gT ). At
NLO we obtain C′(NLO)(x⊥) = C′(LO)(x⊥) + δC′(x⊥), with the NLO correction given by
mE δC′(x⊥)
g4T 2CRCA
=
3mS
8pi2mE
(x⊥mEK1(x⊥mE)− 1)− mE
16pi2mS
∫ ∞
0
dz
z4
(1− e−x⊥mSz)(z3 − (z2 − 4)3/2θ(z − 2))
− 1
8pi2
{
x⊥mEK1(x⊥mE) + 3− 4e−x⊥mE
2
+
∫ ∞
1
dz(e−x⊥mE − e−x⊥mEz) ln
z2
z2−1
(z2 − 1)3/2
}
− 1
96pi2
∫ ∞
0
dz
z4
(1− e−x⊥mEz)(z3 − (z2 − 4)3/2θ(z − 2)) + 7x⊥mE
64pi
− 1
32
+
1
8pi2
∫ ∞
1
dz
e−x⊥mEz ln z
2
z2−1√
z2 − 1 +
1
8pi2
∫ ∞
0
dz
z2
(1− e−x⊥mEz)(z − θ(z − 2)
√
z2 − 4)
+
1
8pi2
(K0(2x⊥mE)− 2K0(x⊥mE) + ln 4
x⊥mE
− γE + x⊥mEK1(x⊥mE)− 1), (3.10)
where we have written the SYM-specific terms originating from soft scalar loops on the
first line. All other terms are shared with the QCD case in [21].
0.0 0.2 0.4 0.6 0.8 1.0
-0.01
0.
0.01
0.02
LO
NLO, =0.1
NLO, =1
NLO, =10
0 1 2 3 4 5
0.0
0.1
0.2
0.3
0.4
x

mE
C
'(
x
 
)
/
T
Figure 5. C′(x⊥)/λT as a function of x⊥mE . The solid blue line is the LO expression, Eq. (3.9),
while the red lines are given by the sum of Eqs. (3.9) and (3.10).
While we defer plots and considerations on the size of the NLO momentum-space
corrections to the next section, we plot in Fig. 5 the LO and NLO impact-parameter space
kernels for three different choices of coupling ranging from small to intermediate. As the
plot shows, the NLO collision kernel becomes negative close to the origin. That is quite
obviously an UV (q⊥ ≫ gT ) effect: we will comment more on this in the next section. In
the validity region of the soft calculation, x⊥mE ∼ 1, the NLO curve can be either below
or above the LO one, while at the opposite asymptote at large x⊥ it is larger.
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w/ scalar
w/o scalar
0 1 2 3 4 5
0.00
0.02
0.04
0.06
0.08
0.10
0.12
x⟂mE
δ
C
'(
x
⟂
)×
m
E
(λ
T
)2
Figure 6. δC′(x⊥) ×mE/(λT )2 as a function of x⊥mE . The solid black line is Eq. (3.10), while
the dashed red line is the QCD contribution only, without the scalar loop contribution.
To show the impact of the new scalar contribution that is unique to SYM, in Fig. 6 we
plot the NLO correction δC′(x⊥) with and without it, that is, in SYM and in QCD. The
figure clearly shows how the SYM scalar contribution magnifies the negative dip already
present in QCD, where it was noted in [21]. As we shall comment later, this negative dip
will also have a marked impact on the collinear radiation rate.
4 The transverse momentum broadening coefficient at NLO
As we illustrated in Sec. 2, the transverse momentum broadening coefficient qˆ is given by
the second moment of the collision kernel, as shown in Eq. (2.7). We then introduced q∗
as an intermediate regulator to separate the soft and hard contribution in Eq. (2.8). In
the previous section we have reviewed the LO determination of Csoft(q⊥) and computed its
NLO correction. The soft contribution to qˆ at LO and NLO follow from Eqs. (3.4) and
(3.7) and are given by
qˆ
(LO)
soft =
g2TCRm
2
E
2pi
log
( q∗
mE
)
, (4.1)
δqˆ =
g4T 2CRCA
2pi
[
− q
∗
4
+mE
3pi2 + 10− 4 log 2
16pi
+mS
3(1− log 2)
4pi
]
, (4.2)
where we have used the fact that log mEmS =
1
2 log 2 at leading order. The mS-proportional
contribution in Eq. (4.2) is the SYM-specific one arising from scalars. We see that, while
the LO contribution is logarithmically sensitive to q∗, as anticipated, the NLO contribution
presents a linear term in the cutoff and a finite contribution (where q∗ has been taken to
infinity in its evaluation). The linear term is related to the negative dip in δC′(x⊥) at small
x⊥ observed previously: as we shall show later, it will cancel against the hard contribution.
Eqs. (4.1) and (4.2) are already enough to determine qˆ if gT ≪ qmax ≪ T , as is the
case when dealing with diffusion processes in the Landau expansion of the collision operator
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in the investigation of transport coefficients [22] or of high-energy partons [42]. However,
in the interest of generality, we have fixed qmax ≫ T , as appropriate for the momentum
broadening of a very hard parton, and we thus need to deal with the hard contribution
from the scale T , Chard(q⊥).
As we have mentioned before, the leading-order contribution comes from elastic 2↔ 2
scatterings with medium constituents. In the soft sector these get Landau-damped, leading
to Eq. (3.4), whereas in the hard sector one can evaluate the matrix elements without any
resummation and convolute them with the statistical factors for the medium scatterers. In
the QCD case this gives [19, 40]
CQCDhard (q⊥) =
g4CR
q4⊥
∫
d3p
(2pi)3
p− pz
p
[
2CA nB(p)(1 + nB(p
′)) + 4NfTF nF (p)(1− nF (p′))
]
,
(4.3)
where p′ = p + q
2
⊥
+2q⊥·p
2(p−pz) , nF (p) = (e
p/T + 1)−1 is the Fermi–Dirac distribution, TF = 1/2
for the Nf fundamental Dirac fermions of QCD, not to be confused with nf = 4, which
counts the number of Weyl fermions of N = 4 SYM. We refer to [40] for details on the
accurate numerical evaluation of this expression.
Eq. (4.3) is transparently given by the sum of a contribution from scattering off glu-
ons, proportional to CAnB(1 + nB), and of a contribution from scattering off quarks and
antiquarks, proportional to NfTFnF (1 − nF ). In principle the matrix elements for these
scatterings, and for those involving external and intermediate scalars in N = 4 SYM, differ
from each other (see [15, 61] for a complete list). However, as noted in [19, 40, 62], when
the external energy E of the very hard probe becomes much larger than T , the Mandelstam
invariants s ≈ ET and t = −q2⊥ ∼ T 2 become hierarchically separated, with s ≫ |t|. In
this limit the matrix elements simplify greatly and acquire a spin-independent, universal
eikonal form proportional to s2/t2, which explains why the gluon and quark contributions
in Eq. (4.3) differ only in the statistical functions and group-theoretical factors. In order
to obtain the N = 4 SYM hard contribution we thus have to adjust the number and rep-
resentation of the scatterers in Eq. (4.3). In the bosonic sector, the 2CA of QCD has to
become (2 + 6)CA, to account for the two spin states of the gluon and the six real scalars.
In the fermionic sector 4NfTF has to become 2nfCA to account for the nf Weyl fermions,
which contribute each half as much as a Dirac fermion, and which transform in the adjoint
representation, TA = CA. We then have
CSYMhard (q⊥) =
g4CR
q4⊥
∫
d3p
(2pi)3
p− pz
p
[
8CA nB(p)(1 + nB(p
′)) + 2nfCA nF (p)(1 − nF (p′))
]
.
(4.4)
The integration of Eq. (4.4) and its insertion in Eq. (2.8) give the hard contribution to qˆ
in N = 4 SYM, which reads
qˆhard
g4CRT 3
=
4CA
6pi
[
log
(
T
q∗
)
+
ζ(3)
ζ(2)
log
(qmax
T
)
− 0.0688854926766592 . . . + 3
16
q∗
T
]
+
nfCA
12pi
[
log
(
T
q∗
)
+
3
2
ζ(3)
ζ(2)
log
(qmax
T
)
− 0.072856349715786 . . .
]
+O
(
q2∗
T 2
)
,
(4.5)
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where the high-precision numbers come from the QCD evaluation in [40]. As expected, this
expression is logarithmically and linearly sensitive to the cutoff q∗, canceling the opposite
sensitivities in the soft sector in Eqs. (4.1) and (4.2). This corresponds to stating that the
IR limit of Eq. (4.4) is
CSYMhard (q⊥ ≪ T ) =
g4CRTm
2
E
q4⊥
− g
4CRCAT
2
4q3⊥
+O
(
g4T
q2⊥
)
. (4.6)
As noted in [19, 40], the IR linear sensitivity to the cutoff, caused by the second term above,
emerges when taking the double limit q⊥ → gT and p→ gT in Eq. (4.4). Because of the IR
enhancement of the Bose–Einstein distribution, only bosons cause this contribution. Since
in N = 4 SYM one has four times as many bosons to scatter from than in QCD (2CA
gluons and 6CA scalars versus just 2CA gluons), this contribution is four times larger than
in QCD. The cancellation of q∗-dependent terms between Eqs. (4.1), (4.2) and (4.5) means
that, at the interface of the two regions, gT ≪ q⊥ ≪ T , the soft and hard expressions for
C(q⊥) must agree. This is trivially verified for the first term in Eq. (4.6) and Eq. (3.4).
For what concerns the second term in Eq. (4.6), we find that the UV limit of δC(q⊥) in
Eq. (3.7) is
δC(q⊥ ≫ gT ) = −g
4CRCAT
2
4q3⊥
+O
(
1
q5⊥
)
, (4.7)
which matches Eq. (4.6). It is this term that causes the negative, linear dip at the origin in
Fig. 6 (recall that the dimensionally-regularized Fourier transform of 1/q3⊥ in 2 dimensions
is −x⊥/(2pi)).5
Summing Eqs. (4.1), (4.2) and (4.5) we obtain the NLO qˆ of the N = 4 SYM plasma,
which reads
qˆ =
λ2T 3
6pi
[
6 log
(
T
mE
)
+ 7
ζ(3)
ζ(2)
log
(qmax
T
)
− 0.4212546701382088 . . .
+
mE
T
(
ξ
(NLO)
E + ξ
(NLO)
S
) ]
+O(λ3), (4.8)
where the second line contains the NLO contributions: ξ
(NLO)
E =
3
16pi (3pi
2 + 10− 4 log 2) ≃
2.198500 is the one also appearing in QCD, and ξ
(NLO)
S =
9
4
√
2pi
(1 − log 2) ≃ 0.155399 is
the genuine SYM-specific contribution from soft scalars. It is thus worth noting that this
genuine SYM contribution has numerically a small impact, being less than 10% of the gluon
contribution shared with QCD. This should not be interpreted to mean that the overall
scalar contribution is small: recall that one half of mE and mS is due to (hard) scalars,
as shown in Eq. (3.3). In other words, taking the QCD expression for δqˆ and changing
the Debye mass mE from the QCD to the SYM value, thus including the large hard scalar
contribution thereto, represents a good approximation to Eq. (4.2). As we shall show in
5The 1/q3⊥ term was also extracted in the hard sector in the electroweak theory in [54] (see Eq. (D.6)
there), finding −g2CRT
2/(16q3⊥)(CA + NSTF ), where NS = 1 is the complex, fundamental Higgs scalar
doublet. Since N = 4 SYM has 6 real, adjoint scalars, which implies the replacement NSTF → nsCA/2 =
3CA, this expression is consistent with ours in Eq. (4.7).
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Sec. 5, the overall large scalar contribution to δC(q⊥), in particular its limiting form in
Eq. (4.7), has a significant impact on the NLO collinear splitting rate.
Let us quote the QCD results from [19, 40]
qˆQCD =
g4CRT
3
6pi
{
CA
[
log
(
T
mE
)
+
ζ(3)
ζ(2)
log
(qmax
T
)
− 0.0688854926766592 . . .
]
+NfTF
[
log
(
T
mE
)
+
3
2
ζ(3)
ζ(2)
log
(qmax
T
)
− 0.072856349715786 . . .
]
+CA
mE
T
ξ
(NLO)
E
}
, (4.9)
where in QCD m2E = g
2T 2(CA + NfTF )/3 and the term on the third line is the NLO
contribution. We note that in QCD the NLO correction to qˆ is large, as found in [19]:
already at αs = 0.1 it represent a 100% correction: more precisely, for Nf = 3, qmax = 50T
and αs = 0.1 one finds qˆ ≈ 1.11CRT 3 in LO QCD, qˆ ≈ 1.87CRT 3 in NLO QCD. The
very large qmax = 50T has been chosen to give a conservative estimate of the NLO/LO
ratio, as the LO contribution grows logarithmically in qmax: for a smaller qmax = 10T one
would have qˆ ≈ 0.59CRT 3 in LO QCD, qˆ ≈ 1.35CRT 3 in NLO QCD. In the SYM case we
have two observations: on the one hand, at LO in the hard region there is an extra, large
contribution from scalars, which is exactly three times the gluon contribution, together
with a significant group-theory boost to the fermion contribution with respect to QCD,
while at NLO the numerical factor multiplying the expansion parameter mE/T changes by
a small amount with respect to QCD, thus suggesting smaller relative NLO contributions.
On the other hand, as we have mentioned, in N = 4 SYM mE/T is larger than in QCD
at a given g, due to the large scalar contribution thereto. We then obtain, for αs = 0.1,
Nc = 3 and qmax = 50T we find in LO SYM qˆ ≈ 10.20T 3 and in NLO SYM qˆ ≈ 15.07T 3
(for qmax = 10T we have qˆ ≈ 3.99T 3 in LO SYM, qˆ ≈ 8.87T 3 in NLO SYM).
Before we elaborate further on the NLO/LO ratio, we must address the fact that, as
pointed out in [19], Eqs. (4.8) and (4.9) suffer from truncation effects arising from the
intermediate regulator q∗. In other words, Eqs. (4.8) and (4.9) have been obtained for
mE ≪ q∗ ≪ T and can thus become ill-behaved once mE ∼ T (λ ∼ 1). This is particularly
important at leading order (i.e. omitting the terms on the final line), where, for large
enough mE ∼ gT , the entire expressions become negative. Besides, the regulator makes a
plot of C(q⊥) for all q⊥ challenging. A solution to these two problems, introduced in [40]
and used for the plots in [19], is to introduce a new resummed scheme for the LO C(q⊥),
which reads (see also [55] where a different resummation is performed6)
C(LO)(q⊥) ≡ Chard(q⊥)× q
2
⊥
q2⊥ +m
2
E
. (4.10)
At small mE/T (small g) it is easy to see that this expression, when plugged in Eq. (2.7),
reproduces the LO result for qˆ plus some higher-order terms. In the IR, Chard(q⊥ ≪ T )
6In more detail, the authors of Ref. [55] resum HTL self-energies for exchanged momenta smaller than
q∗, with gT ≪ q∗ ≪ T , and full self-energies above that cut-off.
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is dominated by the first term in Eq. (4.6) and we thus reproduce Eq. (3.4), the soft
contribution to Eq. (2.8). In the hard region, the factor q2⊥/(q
2
⊥ +m
2
E) becomes 1, up to
corrections of order m2E/q
2
⊥ ∼ g2. However, due to these partially resummed higher-order
corrections, the resulting curve extrapolates better to higher values of g.
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Figure 7. C(q⊥) × q3⊥/T 2 as a function of q⊥/T for different values of the coupling. The solid
black lines come from Eq. (4.10), while the dashed red ones from Eq. (4.11). The area under the
curves is directly proportional to qˆ.
At NLO one could simply add δC(q⊥) to this equation, which is the approach followed
in [19]. However, this double-counts some NLO contributions, as Chard(q⊥ ≪ T ) contains
also the subleading second term in Eq. (4.6) giving rise to the linear-in-q∗ term in Eq. (4.5),
and which is matched by the UV limit of δC(q⊥), Eq. (4.7). Hence, we propose instead the
following scheme for the NLO C(q⊥)
C(NLO)(q⊥) ≡ Chard(q⊥) + C(LO)soft (q⊥) + C(NLO)soft (q⊥)−
2λ2T 3
q4⊥
+
λ2T 2
4q3⊥
. (4.11)
Contrary to the leading-order one, it is a strict scheme: in the IR Chard(q⊥) is approx-
imated by the last two terms in this equation, as shown in Eq. (4.6). Hence Chard(q⊥)
cancels against these two terms there (up to terms of order λ
2T
q2
⊥
), leaving just C(LO)soft (q⊥) +
C(NLO)soft (q⊥). In the UV, conversely, the last two terms cancel the UV limits of the soft
terms, leaving just Chard(q⊥). It is easy to see that Eq. (4.11), when inserted in Eq. (2.7),
reproduces Eq. (4.8),7 which further confirms that our Eq. (4.8) is a strict prescription for
qˆ at NLO. We plot our choices for C(q⊥) at LO and NLO in solid black and dashed red in
Figs. 7 and 8 for different values of the couplings and multiplied by q3⊥, so that the area
under these curves is directly proportional to qˆ. Similarly to the QCD plots in [19], we see
how the two curves differ more and more as the coupling is increased. At λ = 10, which is
a typical “intermediate” coupling in heavy ion phenomenology, corresponding, for Nc = 3,
to αs ≈ 0.26, the NLO corrections have completely overtaken the LO curve, signaling a
convergence problem of the perturbative expansion for this observable.
In Fig. 9 we plot instead the NLO/LO ratio for qˆ in SYM and Nc = Nf = 3 QCD.
At NLO we use the strict expression in Eqs. (4.8) and (4.9). At LO, the “strict” curves
7Up to discrepancies of order 1/qmax from truncating the integration at qmax, whereas the finite terms
ξ(NLO) in Eq. (4.8) have been obtained with qmax →∞.
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Figure 8. C(q⊥)× q3⊥/T 2 as in Fig. 7, at larger coupling.
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Figure 9. The NLO/LO ratios for qˆ in SYM and QCD. For the latter theory Nc = Nf = 3, for
the former Nc = 3 on the left, while the r.h.s. is Nc-independent. qmax = 10T in both plots. We
refer to the text for the precise references to the equations being plotted.
use again those expressions omitting the NLO terms in their final lines. The “resummed”
curves are instead obtained by numerical integration of Eq. (4.10), with Eqs. (4.3) and
(4.4) for QCD and SYM respectively. The plot on the l.h.s. is as a function of g (with
Nc = 3 for SYM as well) and shows that NLO corrections are large in both theories at
equal values of the coupling. Furthermore, the size of the NLO corrections is similar in
the two theories and the discrepancy between the two schemes provides a first estimate of
the truncation uncertainty. On the right we plot the same equations as a function of mE :
as expected, NLO corrections are significantly smaller in SYM at equal Debye mass.
Finally, we observe that Eq. (4.11) could also have applications in QCD where, to the
best of our knowledge, it has not appeared in the literature. In particular, we find that it
is much better suited than Eq. (4.10) to a numerical Fourier transform. Eq. (4.10) requires
to sample two numerical parameters, mE/T (or g) and x⊥T , while the Fourier transforms
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of the individual terms in Eq. (4.11) depend either on x⊥mE or on x⊥T , and many of
them can be obtained analytically. We have tested that the numerical Fourier transform
of Chard(q⊥) is not particularly complicated once a fine enough sampling of Chard(q⊥) has
been obtained. This procedure leads to an expression for C′(x⊥) at NLO that interpolates
smoothly from x⊥T ∼ 1 to x⊥mE ∼ 1 and would thus be helpful for solutions of the
collinear splitting equations in cases where the energy of the mother parton is much larger
than the temperature, requiring to account for transverse kicks at the scale T beyond those
at the scale mE normally included in the AMY formalism [63, 64].
4.1 Comparisons with AdS/CFT results
Refs. [33–35] computed the Wilson loop in Eq. (2.2) for an adjoint source at strong coupling
through the AdS/CFT correspondence. In its validity region, the result is Gaussian in x⊥,
i.e.
〈W (x⊥, L)〉AdS ≈ exp
(
−pi
3/2Γ(3/4)
4Γ(5/4)
√
λT 3 x2⊥L
)
. (4.12)
From our discussion in Sec. 2 it follows that 〈W (x⊥, L)〉 = exp(−qˆx2⊥L/4) at small x⊥ and
thus [33–35]
qˆAdS =
pi3/2Γ(3/4)
Γ(5/4)
√
λT 3 . (4.13)
This result does not require a UV regulator: intuitively, the probability distribution P (q⊥),
which, as remarked in Footnote 3, is the Fourier transform of 〈W (x⊥, L)〉 and which is
related, but not equal, to C(q⊥) [35, 43, 55], is also a Gaussian, with a finite second moment,
qˆ. In other words, a conformal, strongly coupled description stays strongly coupled at all
scales, while the need for a regulator at weak coupling arises from the 1/q4⊥ UV tail of the
2 ↔ 2 scatterings, i.e. rare large angle scatterings, oftentimes termed Molie`re scatterings
[65, 66]. But such a quasi-particle picture cannot ever emerge in a strongly-coupled CFT,
in contrast with asymptotically-free QCD.
Furthermore, Eqs. (4.12) and (4.13), although obtained for λ → ∞, depend on λ.
This, together with the qmax dependence of the weak-coupling result, make an attempt
to extrapolate the weak- and strong-coupling results toward each other ill-posed for qˆ.
Observable quantities like the thermal photon rate or the shear viscosity, which are λ-
independent at strong coupling and regulator-independent at weak coupling, would make
for much more sensible candidates for this type of comparison: our work in determining
qˆ and C(q⊥) at NLO represents an important stepping stone towards NLO evaluation of
these quantities.
However, there is still an important comparison that we can make and draw lessons
from. Motivated by the
√
λ scaling in Eq. (4.13), Ref [34] conjectured that, at strong
coupling, qˆ should scale like the square root of the entropy density s, i.e.
qˆQCD
qˆSYM
∼
√
sQCD
sSYM
=
√
47.5
120
≈ 0.63, (4.14)
where the entropy densities have been taken in the non-interacting limit for Nc = 3 and
Nf = 3. The ratio does not change qualitatively at stronger couplings, where the SYM
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entropy becomes (at large Nc, though) 3/4 of the value above [67], as do to a good degree
lattice QCD results in the transition region (see e.g. [68, 69]) as well.
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Figure 10. The ratio of qˆ for an adjoint QCD source to that inN = 4 SYM for three different values
of qmax as a function of the coupling g, at LO (blue) and NLO (red). The NLO SYM curves come
from Eq. (4.8) and the QCD ones from (4.9). At LO we instead integrate numerically Eq. (4.10) in
the two theories up to qmax In both cases we have fixed Nc = 3, in the case of QCD Nf = 3. We
truncate the curves for the smaller values of qmax shortly before the LO strict prescription would
start to break down, which we take as an indicator of the point where the perturbative results
are becoming unreliable, as the scale separation between qmax, T and mE is disappearing (see also
Fig. 9).
At weak coupling, we are now in the position of examining the QCD/SYM ratio at
leading- and next-to-leading order, as we do in Fig. 10 as a function of the coupling for
three different values of qmax. At NLO we choose our strict prescription, Eqs. (4.8) and
(4.9), while for LO we choose the resummed prescription in Eq. (4.10). In the QCD case
we consider the R = A, i.e. take the qˆ relevant for gluons. As the plot shows, the curves
start from 0.25, which is the zero-coupling limit for this ratio for Nc = 3 and Nf = 3, and
then grow to be in the ballpark of 0.4, which does not differ too much from Eq. (4.14),
even though, as an inspection of Eqs. (4.8) and (4.9) shows, the dependence on the number
and type of degrees of freedom is not in the form of that of the square root of the entropy
density. We recall that the qˆ relevant for quarks is obtained through an extra factor of
CF /CA = 4/9. (Casimir scaling holds to NLO, as Eq. (4.9) shows.)
In summary, if qmax in QCD is chosen at a value of a few times/10 times the temper-
ature, so as to encompass all the region that can be considered strongly coupled, leaving
the UV Molie`re tail to perturbation theory, then a recipe for using the AdS/CFT results
for qˆ with a rescaling factor of order 1/2 would not be inconsistent with our results for the
QCD/SYM ratio at weak coupling. We also point out that in the region q⊥ . E, which
is excluded from our approach, as argued in Sec. 2, the transferred momentum affects the
kinematics of the hard parton and the eikonal, Wilson-line based approach fails. We refer
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to [70] for calculations of Molie`re scattering without the eikonal approximation.
5 Collinear radiation rate
As we mentioned previously, C(q⊥) and qˆ are important ingredients in the determination of
the medium-induced, collinear radiation rate. At weak coupling, the leading-order photon
and gluon radiation rates have been determined in [63, 71] in QCD and extended to N = 4
SYM in [9, 15]. In QCD they have been extended to NLO in [21, 42]. As a first application
of our results of Sec. 3, we now set out to extend the N = 4 SYM photon rate to NLO. The
extension to the gluon radiation rate is also straightforward, as it requires the adaptation of
the methodology used to extend the LO gluon radiation rate to NLO to the extra scalar→
scalar,gluon process of N = 4 SYM.
The thermal photon production rate8 at leading order is given by [9]
(2pi)3
dΓγ
d3k
=
1
2k
gµνW<µν(K), (5.1)
where k is the photon’s momentum and W<µν(K) is the backward Wightman two-point
function of the U(1) current
W<µν(K) =
∫
d4Xe−iK·X〈Jµ(0)Jν(X)〉. (5.2)
This rate receives LO contributions from Compton-like 2↔ 2 scatterings and from collinear
radiation, that is, collinear bremsstrahlung induced by the soft scatterings, governed by
C(q⊥), from the charged, hard (p ∼ T ) Weyl fermions and scalars, and its crossed process,
collinear pair annihilation of the charged particles into the photon. Collinearity ensues from
the small momentum transfer from soft scatterings, which in turn causes an enhancement
to these rates, which would naively seem suppressed with respect to the 2↔ 2 component.
Furthermore, collinear emissions imply long formation times, which turn out to be of the
same order of the inverse rate given by C(q⊥), causing Landau-Pomeranchuk-Migdal (LPM)
interference and requiring resummation.
The LO collinear photon production rate, accounting for LPM resummation, is given
by [9]
γ(k) ≡ 4pi
(N2c − 1)g2NcT 2nf (k)
gµνW<µν(K)
∣∣∣
coll
=
∫ ∞
−∞
dp+
[nF (k + p+)(1 − nF (p+))(p+2 + (k + p+)2)
4nF (k)p+2(p+ + k)2
+
nB(k + p
+)(1 + nB(p
+))
2nF (k)p+(k + p+)
]
× 1
g2NcT 2
∫
d2p⊥
(2pi)2
Re[2p⊥ · f(p⊥, p+, k)], (5.3)
where the normalization of γ(k) has been chosen as the leading-log coefficient of the 2↔ 2
component, which we do not consider here. The photon momentum k has been chosen
8 N = 4 SYM does not contain a photon. Ref. [9] gauged a U(1) subgroup of the R-current to mimic
electromagnetic interactions in SYM. Two Weyl fermions and two scalars become charged under this U(1)
interaction.
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along the z direction. The nF - and nB-proportional terms are the contribution from
bremsstrahlung from (pair annihilation of) fermions and scalars respectively. The function
f(p⊥, p+, k) is the solution of the following integral equation which resums an infinite
number of soft scatterings, thus accounting for LPM interference
2p⊥ =
ik(p2⊥ +m
2∞)
2p+(k + p+)
f(p⊥, p+, k) +
∫
d2q⊥
(2pi)2
C(q⊥)[f(p⊥, p+, k)− f(p⊥ + q⊥, p+, k)].
(5.4)
The first term on the r.h.s. is a kinetic term: it encodes the energy difference between
the final and initial states, caused by the soft scatterings described by second term, the
collision operator. m∞ in the kinetic term is the thermal asymptotic mass of the emitter
fermions and scalars, which for p ∼ T obey the dispersion relation p0 = ±
√
p2 +m2∞. In
N = 4 SYM these asymptotic masses preserve supersymmetry, as they are the same for all
species (gluons, fermions and scalars): m2∞ = m2E/2 = m
2
S = λT
2 at leading order [62].
NLO O(g) corrections to Eq. (5.3) can enter only in the two inputs that are sensitive
to the gT scale, as proven in [21]. These are C(q⊥), which we have just computed to NLO,
and m∞, whose O(g) correction has been computed in [62], finding δm2∞ = −g3C3/2A T 2(3+√
2)/(2pi). Hence, to find the NLO corrections to γ(k), f can be treated as an expansion
in powers of δm2∞ and δC. The zeroth-order reproduces the LO expression, and the first
order in each of the two corrections gives γδm and γδC , so that γ(NLO) = γ(LO)+γδm+γδC .
In order to determine numerically these functions, it is convenient to Fourier-transform
Eq. (5.4) in x⊥-space, where it becomes a two-dimensional Schro¨dinger-like equation with
an imaginary potential given by C′(x⊥) [72]. We refer to [21] for details on the strategy to
solve Eq. (5.4) at NLO.
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Figure 11. The collinear photon rate in N = 4 SYM. We plot the LO results [9] in solid black and
the NLO results at different couplings in various colors and dashing patterns.
In Fig. 11 we plot our NLO results for γ. As the figure clearly show, the NLO correc-
tions turn out to be small: even at λ = 10 they represent at most a 30% decrease in the
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IR and a 20% increase at k ≈ 5T . This is in sharp contrast with the results in NLO QCD
[21], where for αs = 0.3 the correction is approximately a 100% increase.
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Figure 12. Left: the separate sum of the LO γ with each of the two NLO corrections γδm and
γδC in QCD with Nc = Nf = 3, αs = 0.3. The results are taken from [21] and are normalized by
the QCD leading-log coefficient. On the right we plot the same in N = 4 SYM for λ = 4, with
the addition of the extra curve for γδC where δC is taken without the scalar contribution (3.6),
corresponding to the QCD δC. In both cases the full NLO collinear emission rate, γ(NLO), is a sum
of the two corrections γδm and γδC and of the leading order result γ(LO).
To investigate this large discrepancy, let us look at Fig. 12. On the left we plot the
QCD results of [21] (with Nc = Nf = 3, normalized by the QCD leading-log coefficient),
split in the contribution of δm2∞ and δC for αs = 0.3. On the right we plot the same
for SYM. We see that the γδm curves have a very similar behavior, but the γδC do not.
In fact, the latter is positive and comparable with γδm in QCD, while it is negative in
SYM. These facts can be understood as follows: the γδm correction is proportional to
δm2∞/m2∞. In QCD this is −2mE/(piT ), which, for Nc = Nf = 3, is approximately −0.78g.
In SYM it approximates −0.70√λ, so for our choice of λ = 4 and αs = 0.3, for which
g ≈ √λ = 2, we expect the observed similar behavior. For the δC correction, on the other
hand, there are two major factors to account for. As the SYM plot shows, if we omit the
scalar contribution, Eq. (3.6), from δC, corresponding to using the δC of QCD, the resulting
correction becomes positive, as in QCD. And as the discussion in Secs. 3 and 4, together
with Fig. 6, illustrated, the scalar contribution has the effect of making δC′(x⊥) smaller,
accentuating its negative dip at small x⊥, due to the large UV, λ2/q3⊥-proportional term
which is three times the one in the gluon contribution. Simple positivity argument imply
that it is the negative part of δC′(x⊥) that causes the observed negative γδC . Furthermore,
γδC is proportional to g2CAT/mE , which is the ratio of the coefficients of δC′(x⊥) and
C′(x⊥). In Nc = Nf = 3 QCD this approximates to 2.45g, while in SYM it is the much
smaller 0.71
√
λ, which goes to explain why the curve without the scalar contribution to C,
that is with the QCD δC, has a much smaller impact than in QCD.
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6 Summary and conclusions
In this paper we have investigated the transverse scattering kernel C(q⊥) and the transverse
momentum broadening coefficient qˆ at NLO in perturbative N = 4 SYM, including thus
O(g) effects from soft bosons. The NLO correction to the former, δC(q⊥), has been evalu-
ated in Sec. 3 using the analytical mapping to a dimensionally-reduced Euclidean theory
introduced in [19]. Our analysis in that section identified all diagrams with contributions
from the scalar fields of N = 4 SYM, that are absent in the QCD calculation [19] and
that we evaluated, yielding our result for the NLO correction to C, Eq. (3.7). We also
obtained the Fourier-transformed, impact-parameter space expression in Eq. (3.10), which
is more useful in the solution of the collinear rate equation and which shows how the NLO
correction is negative at small x⊥ and how the scalar contribution boosts this feature, as
shown in Figs. 5 and 6.
In Sec. 4 we used the NLO expression for the scattering kernel to determine qˆ at
NLO, which may be found in Eq. (4.8). This required also obtaining the contribution
from the scale T to qˆ and understanding how the soft and hard contributions match in the
interface region between the two scales. In particular, we found that the hard contribution
from the SYM scalars is three times that from gluons, also present in QCD. The NLO
contribution is proportional to the Debye mass mE, which is also boosted by a large hard
scalar contribution in a threefold ratio with the gluon one. However, the soft scalar loops
we computed give a numerically small contribution, of the order of 10% of the soft gauge
loops already computed in QCD.
We then used our NLO results to try to understand how to best bridge between QCD
and SYM. The strong-coupling AdS/CFT calculations [33–35] are not directly comparable,
because of the distinctive UV-divergences that arise at weak coupling in qˆ from large-angle
scatterings. However, if one considers qˆ as an effective parameter describing scatterings
with the medium up to some qmax below which a strong-coupling description is considered
applicable, then a prescription for extrapolating the AdS/CFT results to the different
degrees of freedom of QCD is necessary. Ref. [34] conjectured that a rescaling by the square
root of the ratio of the entropy densities in the two theories would provide a good measure.
We have examined the QCD/SYM ratio for qˆ at weak coupling at NLO, see Fig. 10, and
found that it ranges from being half of the conjectured ratio at small couplings to 2/3 of it
once intermediate couplings are approached, thus potentially indicative of an extrapolation
to the conjectured strong-coupling ratio. Furthermore, our weak-coupling ratio was not
widely different between leading- and next-to-leading order. In other words, the NLO/LO
ratio is similar in QCD and SYM for qˆ at fixed coupling, as shown explicitly by our Fig. 9.
Our examination of the collinear splitting rate in Sec. 5 may however suggest that
no universal lessons can be drawn from these particular NLO corrections. Indeed, we
found that the NLO collinear splitting rate is a small (O(10 − 20%)) modification of LO
in SYM even at λ = 10, see Fig. 11, in sharp contrast to QCD where it is essentially twice
the LO rate for αs = 0.3. The reason is that these corrections are very sensitive to the
precise nature of the theory and its degrees of freedom. In QCD both the O(g) shift in the
dispersion relation and the O(g) shift in C(q⊥) result in positive corrections to the collinear
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rate. The weights of these corrections are different and depend in a non-trivial way on the
statistics and group theory properties of the d.o.f.s: for Nc = Nf = 3 QCD the corrections
are almost identical (see Fig. 12). In SYM, on the other hand, these weights are in a very
different ratio and furthermore the correction due to δC(q⊥) is negative, for reasons we can
attribute to the large scalar contribution to C(q⊥) at the interface between the soft and hard
regions. Hence the two contributions experience a large cancellation, which is reminiscent of
the large, accidental cancellations found between different NLO contributions in the QCD
photon rate [21], which was observed to be dependent on the specifics of the d.o.f.s. We
thus conclude that the cancellation we observe is also largely accidental and not motivated
by any particular symmetry such as supersymmetry: QCD with scalar quarks in place of
fermion ones would also be susceptible to such a cancellation, its precise amount sensitive
to how many scalar quarks are introduced and the representation they transform under.
Indeed, it would be interesting to see how the SYM photon rate is modified at NLO. Be-
sides these collinear corrections we have computed, one would need the scalar contribution
to the other kinematical regions identified in the QCD calculation, i.e. the semi-collinear
and soft ones. While the former seems rather straightforward, a preliminary analysis of the
latter shows that it would require a non-trivial calculation using the light-cone sum-rules
of [21, 42]. Similar work would be required also for an NLO computation of the shear vis-
cosity and other transport coefficients. It would be very interesting to understand whether
the large corrections found in [22] for QCD – and almost entirely driven by its large δqˆ
– also appear in the SYM case, with the comparable δqˆ we have found. Indeed, a major
unanswered point raised by [22] is the identification of the physics responsible for these
large corrections and the subsequent reorganization of the perturbative series.
To this end, one of the possible pathways is the lattice determination of the gT -scale
physics. The mapping to the Euclidean theory we have exploited for our computation in
Sec. 3 allows also for lattice-EQCD determinations of C(q⊥) and related observables whose
soft contribution is dominated by the Matsubara zero mode. Indeed, a first study of qˆ and
C′(x⊥) in lattice EQCD has been carried out [58] and could be extended to ESYM without
encountering any of the major issues that affect lattice discretizations of N = 4 SYM (see
[73, 74] for reviews), as supersymmetry is broken in ESYM and fermions are absent. The
conformal nature of N = 4 SYM may further simplify the matching to ESYM, potentially
making (E)SYM a good testbed of these lattice techniques in a program, featuring our
results, of more precise measurements and investigations of other observables.
Acknowledgments
The authors would like to thank Urs Wiedemann and Krishna Rajagopal for useful con-
versations. This work was supported by the Korean Research Foundation (KRF) through
the CERN-Korea graduate student program and was partially supported by the Graduate
School of YONSEI University Research Scholarship Grants in 2017.
– 22 –
A Feynman Rules of ESYM
The Feynman rules are obtained from the ESYM Lagrangian, Eq. (3.1), in a rather straight-
forward way. We collect them here in Feynman gauge, together with our graphical notation.
The propagators read
p
i; a j; b =
δabδij
p2
: gauge , (A.1)
p
0; a 0; b =
δab
p2 +m2E
: electrostatic , (A.2)
p
I; a J ; b=
δabδIJ
p2 +m2S
: scalar , (A.3)
p
a b =
δab
p2
: ghost . (A.4)
The three-point vertices are
p
q
r
i; a
j; b
k; c
= igEf
abc(δij(p − q)k + δjk(q − r)i + δki(r − p)j), (A.5)
i; a
0; b
0; c
= igEf
abc(q − r)i, (A.6)
i; a
I; b
J ; c
= igEδIJf
abc(q − r)i, (A.7)
i; a
b
c
= −igEfabcri. (A.8)
Finally, the four-point vertices read
k; c
i; a
l; d
j; b
= −g2E [fabcf cde(δikδjl − δilδjk) + facef bde(δijδkl − δilδjk)
+fadcf bce(δijδkl − δikδjl)],
(A.9)
0; c
i; a
0; d
j; b
= −g2Eδij(facef bde + f bcefade), (A.10)
I; c
i; a
J ; d
j; b
= −g2EδIJ(facef bde + f bcefade). (A.11)
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B Scalar contributions to the one-loop diagrams in Fig. 3
The loop contribution from the SYM scalars to δC(q⊥) comes from the three diagrams
identified in Sec. 3. We now present the details of their explicit evaluation. The expressions
below give the contribution to the self-energies Π00 and Πzz.
Ab0
Aa0
φbJ
φaI
p =
1
2
[
− g2EδIJ(facef bde + f bcefade)
][ ∫
p
δcdδIJ
p2 +m2S
]
= −6g2ECAδab
∫
p
1
p2 +m2S
,
(B.1)
Abj
Aai
φbJ
φaI
p =
1
2
[
− g2EδzzδIJ(facef bde + f bcefade)
][ ∫
p
δcdδIJ
p2 +m2S
]
= −6g2ECAδab
∫
p
1
p2 +m2S
,
(B.2)
Abj
Aai
φeK φ
f
L
q⊥ − p p
φcI φ
d
J
=
1
2
∫
p
[
igEδIJf
acd(2p − q⊥)z
][ δdf δJL
p2 +m2S
]
×
[
igEδKLf
bef (q⊥ − 2p)z)
][ δceδKI
(q⊥ − p)2 +m2S
]
= 6g2ECAδ
ab
∫
p
2p2z
(p2 +m2S)((q⊥ − p)2 +m2S)
,
(B.3)
where in dimensional regularization
∫
p ≡
∫
ddp/(2pi)d, with d→ 3, and∫
p
1
p2 +m2
= −m
4pi
, (B.4)
∫
p
p2z
(p2 +m2)((p − q⊥)2 +m2) = −
(4m2 + q2⊥) tan
−1(q⊥/2m) + 2mq⊥
32piq⊥
. (B.5)
Upon inserting the expressions above in the propagators G200 and G
2
zz, the contribution of
the SYM scalar fields to NLO collision kernel sums up to Eq. (3.6).
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